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2 JOHANNES HUEBSCHMANN AND JIM STASHEFF 

Introduction 

The name "Master Equation" derives from ttie ptiysics literature, especially that 
of the Batalin-Vilkovisky approach to Lagrangians with symmetries [2], but the 
master equation has many precursors in mathematics, among which the best known 
is perhaps the Maurer-Cartan equation. The master equation makes sense as an 
equation on elements of a differential graded algebra, associative or Lie or suitable 
higher homotopy generalizations. As an equation on elements of a differential graded 
Lie algebra £, for an element r of £, the master equation has the form 

In the literature, it is also customary to take the equation Dt + | [r, r] = as 
(Lie algebra) master equation, the choice of sign being a matter of convention. 
As an equation on elements of a differential graded associative algebra A, the 
master equation has the form Dr = rr. By the methods of homological perturbation 
theory, we will construct formal solutions of the master equation in the following 
general context. Consider a differential graded Lie algebra g, and denote by 
iS'^[sg] the differential graded symmetric coalgebra on the suspension sq of g; then 
Hom(5'^[sg],g) inherits a differential graded Lie algebra structure and, in view of 
the defining property of a Lie algebra twisting cochain (see Section 1 below for 
details) , the universal twisting cochain Tg G Hom(5'^ [sg] , g) satisfies the equation 
Dtq = ^[TgjTg] which is plainly just the master equation. By means of our main 
result. Theorem 2.7 below, up to s(trong) h(omotopy) equivalence, we can then 
replace the differential graded coalgebra iS'^fsg] with a differential graded coalgebra of 
the kind 5|,[sH(g)] where H(g) is the homology of g and V a coalgebra differential 
on 5'^[sH(g)] turning the latter into a coaugmented differential graded coalgebra — the 
differential V defines an sh-Lie structure on H(g), see Section 2 below — in such a way 
that the following hold: The differential graded Lie algebra £ = Hom(5^[sH(g)],g) 
is sh-equivalent to Hom(iS*^ [sg] , g) , and the data give rise to a twisting cochain 
r G Hom(5|,[sH(g)], g) which, in a suitable sense, is equivalent to r^. The twisting 
cochain r is our most general solution of the master equation. Our approach in 
terms of homological perturbation theory will yield explicit recursive formulas for T> 



and r, once a choice of contraction (H(g) v g, h) of chain complexes has been 

made. This is always possible over a field. (See Section 2 and especially (2.7.3) 
and (2.8.2) below for details.) Our Theorem 2.7 also establishes the fact (which has 
been known to both of us for some time) that, roughly speaking, sh-Lie structures 
are preserved under strong deformation retractions; in particular, given a differential 
graded Lie algebra g, its homology H(g) admits an sh-Lie structure such that g 
and H(g) are sh-equivalent. 

A situation of particular interest recently is that in which g is in fact a differential 
Gerstenhaber algebra. In the case of the moduli space of complex structures on 
a complex manifold M, the relevant differential Gerstenhaber algebra contains the 
ordinary Kodaira-Spencer (differential graded Lie) algebra which, in turn, is well 
known to control deformations of the complex structure. When M is a Calabi- 
Yau manifold, Barannikov-Kontsevich [1] construct a formal solution of the master 
equation. They use this solution to construct a formal Frobenius manifold structure 
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on the extended moduli space of complex structures on M. The Barannikov- 
Kontsevich formal solution of the master equation results from our construction as 
a special case, see Theorem 3.8 below. Thus our homological perturbation theory 
construction of the twisting cochain r extends the known constructions of solutions 
of the master equation to much less restrictive hypotheses (indeed, over a field of 
characteristic zero, we do not need a hypothesis at all) and, in particular, allows 
for generalization to the case in which the underlying manifold does not admit a 
Kahler structure. 

We have already observed that the master equation recovers the defining property 
of a twisting cochain. Twisting cochains have a history in topology and differential 
homological algebra [3,6,41]. Certain twisting cochains were studied by Chen [8, 9] 
under the name power series connection. Berikashvili and his students have studied 
the classification of fibrations with fixed base and fiber using Berikashvili 's functor 
D which is defined in terms of homotopy classes of twisting cochains (or twisting 
elements); see [44] (Section 2) or [31] for a recent account of Berikashvili's functor 
D and references to work of Berikashvili, Kadeishvili, and Saneblidze in [31, 44]. 
Twisting cochains play a crucial role in the deformation theory for rational homotopy 
types and rational fibrations and for the corresponding classification theory developed 
by Schlessinger and Stasheff in [45] , as well as for the construction of small resolutions 
for doing calculations in group cohomology [22-25]. 

That twisting cochains may be constructed by means of homological perturbation 
theory has been known for some time, see e. g. [19], [22] (2.11), [42] (2.2). 
More historical comments about homological perturbation theory may be found 
e. g. in Section 1 (p. 248) and Section 2 (p. 261) of [32], which has one of the 
strongest results in relation to compatibility with other (such as algebra or coalgebra) 
structure, since it was perhaps first recognized in [22]. Homological perturbation 
theory constructions enabled the first-named author to carry out complete numerical 
calculations in group cohomology [23], [24], [25] which cannot be done by other 
methods. This was an instance where homological perturbation theory led to results 
which are independent of this theory. The solution r of the master equation and 
its offspring constructed in the present paper constitute as well a result which 
is phrased independently of homological perturbation theory. The significance of 
our more general construction for deformation theory is not yet fully understood. 
It is interesting to observe, though, that the inductive construction of the formal 
power series ^p{t) in §3 of [33] may be seen as a homological perturbation theory 
construction. Some applications related with [45] and generalizations will be given 
in Section 4. 

1. Master equation and twisting cochains 

The ground ring is assumed to contain the rationals as a subring and will be 
written R. We will take chain complex or dg module to mean a differential graded 
i?-module. A chain complex will not necessarily be concentrated in non-negative (or 
non-positive) degrees. In the present section and in Section 2, the differential d on 
a chain complex M will be considered as lowering degree by 1 and referred to as 
a homology differential (if need be); a cohomology differential S: M^ — > M-^+^ may 
always be written in this way as d: M^j — > M_j_i where M* = M~* etc. and a 
homology differential may accordingly be written as a cohomology differential. We 
will come back to this in Section 3 below. 
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Write s for the suspension operator as usual and accordingly s~^ for the 
desuspension operator. Thus {sM)j = Mj_i, etc. The algebraic geometer's notation 
for the suspended (or desuspended, depending on terminology) object is ^[1] or 
^[—1] (depending on the convention of grading). We avoid this notation. 

The coaugmentation map of a coaugmented differential graded coalgebra C will 
be denoted by rj: R -^ C. The graded tensor algebra, graded tensor coalgebra, and 
graded symmetric coalgebra functors will be written respectively T, T*^, S^; see 
what is said below for details. Given two chain complexes X and Y, recall that 
Hom(X, Y) inherits the structure of a chain complex by the operator D defined by 

where is a homogeneous homomorphism from X to y and where \(p\ refers to its 
degree. 

Definition 1.1. A dg Lie algebra g is a dg module g = {g^} with a differential 
d: Qn -^ 0n-i and a graded degree zero bracket [ , ]:Qp^Qq ^ Qp+q which is a chain 
map and satisfies the graded Jacobi identity, that is, for homogeneous X E Q, the 
operation [X, ] is a graded derivation for the bracket. 

Definition 1.2. For a filtered dg module X, a perturbation of the differential d of 
X is a (homogeneous) morphism d of the same degree as d such that d lowers the 
filtration and {d + d)'^ = or, equivalently, 

(1.2.1) [d,d]+dd = 0. 

Thus, when 5 is a perturbation on X, the sum d + d, referred to as the perturbed 
differential, endows X with a new differential. When X has a graded coalgebra 
structure such that {X, d) is a differential graded coalgebra, and when the perturbed 
differential d-\-d is compatible with the graded coalgebra structure, we refer to d as 
a coalgebra perturbation; similarly, we can also talk about an algebra perturbation. 

Consider a more 'sophisticated' description of dg Lie algebra: Let M be a chain 
complex. Write 

T^[M] = (©fc>oM®^A,rf) 

for the coaugmented differential graded tensor coalgebra on M; here A and d refer 
to the diagonal and differential respectively, M®° = R, the coaugmentation map 
77: i? — i> T*^ [M] is the canonical one, and, for every n > 0, 

n 

A(mi ® ■ ■ ■ ® rrin) = ^("ii (g) ■ ■ ■ nip) {rrip+i (g) ■ ■ ■ (g) rrin), 

p=0 

where TOi,...,m^ G M. The differential graded symmetric coalgebra iS*^[M] on M 
has the form 

where iSgf-M] = R and where, for fc > 1, iS^[M] is the differential graded subspace 

S^[M] = (M®'=)^'= C Tl[M] = M®^ 
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of invariants under the canonical action (in the graded sense) of the symmetric 
group Efc on A;- letters on the /c'th tensor power M®'^; see e. g. [26]. 

Let be a chain complex, endowed with a graded skew-symmetric bracket 
[ 7 ]:0®0-^0 of degree zero, not necessarily a graded Lie bracket nor necessarily 
a chain map. Consider the differential graded symmetric coalgebra iS'^[s0], the 
differential d on 5*^[s0] being induced from that on 0, and let d be the coderivation 
'5*^[s0] -^ <S'^[s9] of degree —1 induced by [ , ]; it is manifest that d lowers the 
obvious filtration of iS'^[s0]. We then have the following folk-lore result a proof of 
which is straightforward and left to the reader. 

Proposition 1.3. The bracket [ , ] turns g into a dg Lie algebra if and only if 
d is a coalgebra perturbation of the differential d. Furthermore, any differential 
graded Lie bracket on q is determined by the coalgebra perturbation induced from the 
bracket. D 

The more 'sophisticated' description of a dg Lie algebra alluded to earlier is 
that in terms of the coalgebra perturbation d given in Proposition 1.3. Below 
we will abstract from this description and take coalgebra perturbations which do 
not necessarily correspond to true Lie brackets. Suffice it to explain that, under 
the circumstances of Proposition 1.3, the vanishing of ((i + 9)^ is equivalent to the 
bracket being a chain map satisfying the graded Jacobi identity. More precisely, 
the vanishing of {d + dY is equivalent to that of dd + dd and dd separately; now 
dd + dd to be zero corresponds to the bracket being a chain map, and the vanishing 
of dd is equivalent to the graded Jacobi identity. When is an ordinary Lie algebra 
over a field k, 5'^[s0] with this differential d boils down to the ordinary Koszul 
or Chevalley-Eilenberg complex calculating the homology of with coefficients in 
k; the dual Hom(i5P , [s0] , k) is then the Chevalley-Eilenberg algebra calculating 
the cohomology of with coefficients in k. For a general differential graded 
Lie algebra 0, with Lie bracket [ , ], we will occasionally write 5? ,[s0] for the 
resulting coaugmented differential graded cocommutative coalgebra or, more simply, 
following [43] (Appendix) just C[0] and refer to it as its generalized Koszul or 
Chevalley-Eilenberg complex. 

We now explain the Master Equation and the formal circumstances thereof. In 
general, the master equation makes sense as an equation on elements of a differential 
graded associative algebra A; it then has the form 

(1.4.1) Dt = TT 

where r is a homogeneous element of A (necessarily of degree —1), where D refers 
to the differential in A, and where tt is the product in ^ of r with itself. Likewise, 
as an equation on elements of a differential graded Lie algebra C, for an element 
r of £, the master equation has the form 

(1.4.2) Dt = ^[t,t]. 

When A is the universal differential graded algebra of a differential graded Lie 
algebra £, for an element r of C, the master equations (1.4.1) and (1.4.2) are 
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manifestly equivalent. Inspection shows that, given a differential graded algebra A 
and a solution r of the master equation, the operator dr on A defined by 

(1.4.3) dr{a) = da — Ta, a E A, 

yields a new differential graded algebra structure on A. Likewise, given a differential 
graded Lie algebra C and a solution r of the master equation, the operator d^- on 
C defined by 

(1.4.4) dr{a) = da — [r.a]^ a E C, 

yields a new differential graded Lie algebra structure on C. 

Remark. In the literature, instead of (1.4.2), it is also customary to take the 
equation Dt + ^[t,t] = as (Lie algebra) master equation. The formula (1.4.4) for 
the new operator must then accordingly be replaced by dr{a) = da + [T,a]. 

Let g be a differential graded Lie algebra. We then have the differential d 
on C[q] = S'^[sq] induced from that on q and, cf. Proposition 1.3, the coalgebra 
perturbation thereof induced from the graded Lie structure on q. More general 
coalgebra perturbations of the differential d on 5'^[sg] are related to solutions of 
a certain master equation as we will explain in Section 2. This master equation 
involves a differential graded Lie algebra (different from q) of a kind which we now 
explain. Recall that, for any coaugmented graded coalgebra C and any graded Lie 
algebra (), given a,b:C^ (), (with a slight abuse of notation) their cup bracket [a, 6] 
is given by the composite 

(1.5.1) C^C®C^^[)®() ^(). 

Now coalgebra perturbations of the differential d on C[q] = S'^[sq] (which is induced 
from that on q) are related to solutions of the master equation in £ = Hom(C, q) 
where C is an appropriate differential graded cocommutative coalgebra sufficiently 
closely related to q (e. g. C = iS'^fsg], endowed with the differential induced from 
that on g). Such solutions of the master equation may be described in the language 
of twisting cochains. This is crucial for our method aimed at constructing solutions 
of the master equation which we will explain in Section 2 below. 

Recall that, given a general differential graded coalgebra C and a general differential 
graded algebra A, for a^h:C^> A, their cup product a ^- 6 is given by the composite 

(1.5.2) C ^C®C ^^A®A^ A 

where A and n denote the structure maps. This cup product turns Hom(C, A) 
into a differential graded algebra. Furthermore, a coaugmentation and augmentation 
map of C and A respectively induce an augmentation map for Hom(C, yl). 

Definition 1.5. Given a coaugmented differential graded coalgebra C and an 
augmented differential graded algebra A, a twisting cochain t: C -^ ^4 is a homogeneous 
morphism of degree —1 whose composites with the coaugmentation and augmentation 
maps are zero and which satisfies 

(1.5.3) Dt = t^t. 
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Given a coaugmented differential graded cocommutative coalgebra C and a differential 
graded Lie algebra f), a Lie algebra twisting cochain t: C ^ [) is a homogeneous 
morphism of degree —1 whose composite with the coaugmentation map is zero and 
which satisfies 

(1.5.4) Dt=^[t,t]; 

cf. [41], [43]. 

In particular, when A is the universal differential graded algebra of a differential 
graded Lie algebra () and when C is graded cocommutative, given a morphism 
t:C ^ A of degree —1 whose values lie in (), the defining property (1.5.3) for t 
being a twisting cochain is equivalent to the defining property (1.5.4) for t being a 
Lie algebra twisting cochain. 

For later reference we recall that, for any differential graded Lie algebra [), its 
universal Lie algebra twisting cochain 

(1.5.5) Ti,:m=Sf ^ ][«()]--(), 

cf. e. g. Appendix B of [43], is given by Ttf{sx) = x for x G f) and Tt){y) = when 
yeSllsi)] for k ^ 1. 

2. Homological Perturbation Theory (HPT) 

Homological perturbation theory is concerned with transferring various kinds of 
algebraic structure through a homotopy equivalence. We first describe an essential 
piece of machinery. 

Definition 2.1. A contraction 



(2.1.1) (M ~W^ N,h) 

of chain complexes, referred to as well as SDR- c?ata in the literature, consists of 

- chain complexes N and M, 

- chain maps n: N ^ M and V: M — > A^, 

- a morphism h: N ^ N of the underlying graded modules of degree 1; 
these data are required to satisfy 

(2.1.2) 7rV = Id 

(2.1.3) D^ = V7r-Id 

(2.1.4) Tvh = 0, W = 0, hh = 0. 

The requirements (2.1.4) are referred to as annihilation properties or side conditions; 
they can always be achieved without loss of generality, cf. e. g. what is said under 
'Remarks' in Section 1 of [15]. 

Given a contraction (2.1.1), we will say that A^ contracts onto M. If, furthermore, 
A^ and M are filtered chain complexes, and if tt, V and h are filtration preserving, 
the contraction is said to be filtered. This notion of contraction was introduced in 
§12 of [11]; it is among the basic notions in homological perturbation theory, cf. 
[18, 32] and the literature there. 
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Let at first g be a chain complex, and let 



(2.2) (H(0) -r Q,h) 

be a contraction of chain complexes. Its existence would, in general, be an additional 
assumption but such a contraction will always exist when H(0) is free over the 
ground ring R or when i? is a field. Under our circumstances, since we assume that 
the ground ring R contain the rationals as a subring, the existence of a contraction 
is a very mild assumption, if any. Notice that we momentarily ignore additional 
structure on q. 

Consider the induced filtered contraction 

(2.3) (5^[sH(0)] ^=§1=^ 5^[s0],5^/i) 

of differential graded coaugmented coalgebras, the filtrations being the ordinary 
coaugmentation filtrations. It may be obtained in the following way: 



Any contraction (M v N, h) of chain complexes induces a filtered contraction 

(2.4) (T^[M] —^ T^[NlT^h) 

of coaugmented differential graded coalgebras. A version thereof is spelled out as 
a contraction of bar constructions already in Theorem 12.1 of [11]; the filtered 
contraction (2.4) may be found in [16] (3.2), [17] (§3), [18] (2.2); the dual filtered 
contraction of augmented differential graded algebras which involves the differential 
graded tensor algebra has been given in [32] (2.2.0)*. The differential graded 
symmetric coalgebras iS'^[M] and (S'^[A/^] being differential graded subcoalgebras of 
T'^[M] and T'^[A^], respectively, the morphisms T'^V and T'^tt pass to corresponding 
morphisms S'^V and S'^n respectively, and S^h arises from T^h by symmetrization, 
so that 

(2.5) {S^[M] '^ S^[N],S^h) 

constitutes a filtered contraction of coaugmented differential graded coalgebras. Here 
iS'^V and S'^tt are morphisms of differential graded coalgebras but, beware, even 
though T^h is compatible with the coalgebra structure in the sense that it is a 
homotopy of morphisms of differential graded coalgebras, S'^h no longer has such 
a compatibility property in a naive fashion. Indeed, for cocommutative coalgebras, 
the notion of homotopy is a subtle concept, cf. [45]. 

Definition 2.6. Given a chain complex g, an sh- Lie structure or Loo-structure on 
is a coalgebra perturbation d of the differential d on the coaugmented differential 
graded symmetric coalgebra iS'^[s0] on sg, that is, an operator d of degree —1 which 
is compatible with the coalgebra structure, lowers filtration by 1, and satisfies 

(2.6.1) (rf+ 9)2 = 
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or, equivalently, 

(2.6.2) [d,d]+dd = 
and, furthermore, 

(2.6.3) dri^O 

so that the sum d + d endows iS'^ [sq] with a new coaugmented differential graded 
coalgebra structure. 

In contrast to the case of a strict dg Lie algebra, here we may have non-zero 
terms iS^[ss] — ^ sg for k > 2. For example, the Jacobi identity may hold only 
modulo an exact term provided by a morphism of the kind iSgfsg] -^ sq. 

Given an sh-Lie structure d on g, we write ^^[sg] for the new coaugmented 
differential graded coalgebra. We have explained in Proposition 1.3 how a graded 
Lie bracket [■,■] on g yields such a coalgebra perturbation d; the resulting chain 
complex iS^[s0] then boils down to the generalized Koszul complex denoted there 
by '5[:^.j[s0] or just C[q]. 

Given two sh-Lie algebras (0i,9i) and (02,^^2), an sh-morphism or sh-Lie map 
from (0i,9i) to (02,^^2) is a morphism iSgJs0i] — * 5g^[s02] of differential graded 
coalgebras. 

Theorem 2.7. Given a differential graded Lie algebra g and a contraction of chain 

complexes of the kind (2.2), the corresponding coalgebra perturbation of the differential 

on S'^[sg] being written d, the data determine 

(i) a differential V on iS'^[sH(g)] turning the latter into a coaugmented differential 

graded coalgebra (i. e. V is a coalgebra perturbation of the zero differential) and 

hence endowing H(0) with an sh-Lie algebra structure and 

(ii) a Lie algebra twisting cochain r:5|,[sH(g)] -^ q whose adjoint r, written 

{S'^V)d'-Sj)[sYi{Q)] ^!- C[q\, induces an isomorphism on homology. 

Furthermore, {S'^V)d admits an extension to a new contraction 

(2.7.1) {S^As^m 4£^ Sl[sgl{S^h)9) 

of filtered chain complexes (not nececessarily of coalgebras) . 

For intelligibility we point out that, according to the convention introduced before, 
in the statement of the theorem, the perturbed differential graded coalgebra which 
corresponds to the asserted sh-Lie algebra structure on H(0) is written 5|,[sH(0)]. 
Further, the morphisms (5'^V)a and (iS'^Tr)^ coming into play in the new contraction 
(2.7.1) are sh-Lie maps between (H(0),'D) and (0,9). They are even sh-equivalences 
(quasi-isomorphisms) in the sense that they induce isomorphisms on homology. It 
is worthwhile pointing out that the induced bracket on H(0) is a strict graded Lie 
bracket but, in general, the differential T) involves meaningful terms of higher order. 

Sketch of the proof of Theorem 2.7. For 6 > 1, write SI for the homogeneous degree 
h component of iS*^[sH(0)]. The operator V and twisting cochain r are obtained as 
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infinite series by the following recursive procedure where b >2: 

(2.7.2) r = T^ + T^ + ..., ri = VrH(0), r^: 5^ ^ 0, j > 1, 

(2.7.3) V = V^ +V^ + ... 

where 1)^~^ is the coderivation of iS'^[sH(0)] determined by 

The sums (2.7.2) and (2.7.3) are infinite but, applied to a specific element which, 
in view of the assumptions, necessarily lies in some finite filtration degree subspace, 
only finitely many terms will be non-zero, whence the convergence is naive. For 
example, cf. (2.7.3), for n > 1, the operator V^ vanishes on the constituent F^ of 
the coaugmentation filtration 

R^FoCFiCF2C... 

of 5*^[sH(0)]. Since the coaugmentation filtration is cocomplete, if the infinite sum 
(2.7.3) for V is applied to a particular element, only finitely many terms are 
non-zero. The summand V^ is the ordinary Cartan-Chevalley-Eilenberg differential 
for the classifying coalgebra C[H(0)] of the graded Lie algebra H(0). It may be 
shown that V is indeed a coalgebra differential and that r is a twisting cochain; 
the details will be given elsewhere. A construction which is formally similar but 
yet substantially different may be found in Proposition 2.1 of [15]. 

A spectral sequence comparison argument shows that the adjoint r = (iS'^V)a of 
r induces an isomorphism on homology. Hence (5*^V)9 admits an extension to a 
contraction of chain complexes of the kind (2.7.1). D 

2.8. Refinements. 

Addendum 2.8.1. Under the circumstances of Theorem 2.7, 

(2.8.2) t:SUsB{q)]-.q, 

viewed as an element of degree —1 of the differential graded Lie algebra 
Hom(i5p[sH(g)],0), satisfies the master equation (1.4.2). 

Here Hom(iS|,[sH(0)], g) is endowed with the graded cup bracket (1.5.1) induced 
by the graded coalgebra structure on iS|,[sH(0)] and the graded bracket on g. The 
twisting cochain (2.8.2) is our most general solution of the master equation; the 
other (more special) solutions of the master equation derive from it. 

Addendum 2.8.3. Under the circumstances of Theorem 2.7, suppose in addition 
that there is a differential V on S'^[s}i{g)] turning the latter into a coaugmented 
differential graded coalgebra in such a way that {S'^TT)d = V{S'^n). Then V = V and 
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{S'^7v)g may be taken to be S'^tt. In particular, when {S'^7i)d is zero, the differential 
V on 5'^[sH(g)] is necessarily zero, that is, the new contraction (2.7.1) has the form 

(2.8.4) {S-[s^{q)] '=^^ Sl[sQ],{S^h)a). 

For example, this happens to be the case when the composite Q® Q — ^ g — > H(0) is 
zero. 

In fact, this follows at once from the descriptions (2.7.3) and (2.7.2) for V 
and r: Since {S'^Tx)d = 'D{S'^ti), only the quadratic part 'D^:S2 -^ 'SH(g) of V is 
non-zero and this quadratic part necessarily coincides with the quadratic part V^ 
of v. Furthermore, since the constituent % of the contraction (2.2) is necessarily a 
morphism of differential graded Lie algebras, T) has no higher terms as well. Indeed, 
since tt/i = 0, for 6 > 2, vrr^ = whence Ti[r^ ,t^] = [ttt-^ , ttt'^] (j, /c > 1) is non-zero 
only for j = k = 1. Hence V^ is zero for b > 2. 

Likewise, we have the following. 

Addendum 2.8.5. Under the circumstances of Theorem 2.7, suppose in addition 
that there is a differential V on S'^[sYi{Q)\ turning the latter into a coaugmented 
differential graded coalgebra in such a way that d{S'^V) = {S'^'V)'D. Then V — V and 
{S'^V)d — S^V . In particular, when d{S'^V) is zero, the differential V on iS'^[sH(g)] 
is necessarily zero, that is, the new contraction (2.7.1) has the form 

(2.8.6) {S^[s^{q)] '^=^ SI,[sg],iS^h)o). 

For example, this happens to be the case when the composite 

TT ^ TT V®V ^ [■,■] 

Hg (g) Hg > g (S) g > g is zero. 

In the case of (2.8.3), tt: g ^ H(g) is in fact a strict graded Lie morphism and so 
is, likewise, V: H(g) ^ g in the case of (2.8.5). We note that observations similar 
to these addenda may be found in (2.4.1) and (2.4.2) of [22]. 

Under the circumstances of Theorem 2.7 where g is a true differential graded 
Lie algebra, the perturbation T> still endows H(g) with an sh-Lie algebra structure 
which is in general non-trivial, and this will be so even if the induced Lie bracket 
on H(g) is zero but not if an additional (technical) condition (which arises from 
abstraction from the statement of the 95-Lemma for Kahler manifolds, see what is 
said below) is satisfied, according to Addendum 2.8.3. This latter is the situation 
for Barannikov-Kontsevich [1] and Manin [38] (III. 10), [39] (Section 6). They have 
stronger conditions in the main applications, for which we spell out the following. 

Theorem 2.9. Given a differential graded Lie algebra g, a differential graded Lie 
subalgebra m of g, and a contraction 



(2.9.1) (H(g) -^ m,/i) 



TT 



of chain complexes so that the composite m ® m — ^ m — > H(g) is zero, the induced 
bracket on H(g) is zero, that is, as a graded Lie algebra, H(g) is abelian, and the 
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data determine a solution r G Hom(5'^[sH(g)],g) of the master equation 

(2.9.2) dT=\[T,r] 

in such a way that the following hold: 

(i) The composite tit coincides with the universal twisting cochain iS'^[sH(g)] -^ H(0) 

for the abelian graded Lie algebra H(g); 

(ii) the values of r lie in m. 

Notice that (2.9.2) is somewhat simpler than the general master equation (1.4.2) 
since there is no non-zero differential on iS'^[sH(g)]. 

Proof. Under these circumstances, the homology of m is necessarily identified with 
H(g) under (2.9.1). In view of Addendum 2.8.3, the corresponding contraction (2.7.1) 
has the form 

(5^[.H(0)] ^=^^^ S$[sm],{S^h)d). 

Notice that the differential on iS'^[sH(0)] is zero. Consider the corresponding Lie 
algebra twisting cochain (2.8.2) (where the role of g in (2.8.2) is now played by m) 
which we write as 

and denote by r its composite with the inclusion m C g. Since this inclusion is a 
morphism of differential graded Lie algebras, r has the asserted properties. D 

3. Differential Gerstenhaber and Batalin-Vilkovisky algebras 

Recall that a Gerstenhaber algebra is a graded commutative i?-algebra A together 
with a graded Lie bracket from A®rA to A of degree —1 (in the sense that, if 
A is regraded down by one, [■,■] is an ordinary graded Lie bracket) such that, for 
each homogeneous element a of A, the operation [a, ■] is a derivation of A of degree 
|a| — 1 where \a\ refers to the degree of a; see [12] where these objects are called 
G-algebras, or [34,37,48]; for a Gerstenhaber algebra A, the bracket from A<S)rA 
to A will henceforth be referred to as its Gerstenhaber bracket. 

Definition 3.1. A differential Gerstenhaber algebra {A,[-,-],d) consists of a Ger- 
stenhaber algebra (^, [■,•]) and a differential d of degree -|-1 on A which is a 
derivation for the multiplication of A; {A,[-,-],d) will be said to be a strict dif- 
ferential Gerstenhaber algebra provided the differential d is a, derivation for the 
Gerstenhaber bracket [■, ■] as well, that is, 

(3.1.1) d[x,y] = [dx,y]-{-iy''^[x,dy], x.yeA. 

Let {A,[-,-]jd) be a strict differential Gerstenhaber algebra. We denote the 
corresponding ordinary differential graded Lie algebra, with differential spelled out 
as a homology differential, by q-^ or, more simply, by g, when there is no risk of 
confusion. Thus, g-* = A*~^^, that is to say, 

(3.2) Sl=^^ do = A\ g-l=^^ ..., g_, =^"+1, 
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SO that the graded bracket [■, ■] and differential d on q are of the ordinary kind, 
i. e. of the form 

[■,-]'9j '^dk —^ Qj+k, d-.Qj—^Qj-i. 

Notice that, when we write a-* = ^*, so that ao = ^*^, a-i = A^, etc., we have 
= sa and a = s~^g. The notation a is just used to rewrite the strict differential 
Gerstenhaber algebra A in homology degrees. 

Consider a contraction of the kind (2.2). Application of Theorem 2.7, the 
operator d on ^^[sg] which corresponds to the Lie bracket on q being regarded as 
the perturbation to be transferred (to 5*^[sH(0)]), yields a new contraction 

(Shism)] 41^ SI,[sg],{S^h)o) 

of filtered differential graded coalgebras. The corresponding Lie algebra twisting 
cochain denoted in (2.8.2) by r, now written out as having a as its target rather 
than 0, appears as an element r G Hom(5|,[sH(g)], a) of degree —2 satisfying the 
master equation 

(3.3) Dr=^[T,T]. 

Here D is the Hom-differential, and [■, ■] refers to the graded cup bracket (1.5.1) 
which is induced by the graded coalgebra structure on iS'^[sH(g)] and the graded 
Lie structure on q which, in turn, is the graded Gerstenhaber bracket on a. 

For consistency with what is in the literature, we now rewrite Hom(5|,[sH(g)], a) 
and the element r thereof in terms of cohomology degrees: Let Q* = S*; in this 
description, A = SQ, where S refers to the suspension operator in cohomology 
degrees, so that, for every integer j, 

(Ay = {sgy = g^+\ {s-^}i*{g)y = w+\g). 

The twisting cochain r now appears as an element 

(3.4) TeB = Iiom{S!^[S-^H{g)],A) 

of degree +2 satisfying the master equation. 

Definition 3.5. For a Gerstenhaber algebra A over R, with bracket operation 
written [-,■], an i?-linear operator A on ^ of degree —1 is said to generate the 
Gerstenhaber bracket provided, for every homogeneous a,b E A, 

(3.5.1) [a, b] = (-1)1"! (A{ab) - {Aa)b - (-l)l"la(A6) 

the operator A is then called a generator. A generator A is said to be exact 
provided AA is zero, that is, A is a differential. A Gerstenhaber algebra A 
together with a generator A will be called a weak Batalin-Vilkovisky algebra (or 
weak BV-algebra); when the generator is exact, (^, A) is (more simply) called a 
Batalin-Vilkovisky algebra (or BV-algebra). The notation A for a generator of a 
Batalin-Vilkovisky algebra has become standard in the literature, and we stick to it. 
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There is no conflict with the earher notation A for the diagonal map of a coalgebra 
since diagonal maps will not appear explicitly any more. 

It is clear that a generator determines the Gerstenhaber bracket. An observation 
due to Koszul [35] (p. 261) says that, for any Batalin-Vilkovisky algebra {A, [■,■], A), 
the operator A (which is exact by assumption) behaves as a derivation for the 
Gerstenhaber bracket [■,■], that is, 

(3.5.2) A[x,y] = [/\x,y] - (-l)l"l[x, Ay], x,y e A. 

A generator A, even if exact, behaves as a derivation for the multiplication of A 
only if the Gerstenhaber bracket is zero. 

Definition 3.6. Let (^, A) be a weak Batahn-Vilkovisky algebra, write [-,■] for 
the Gerstenhaber bracket generated by A, and let c? be a differential of degree 
1 which endows (.4., [■,■]) with a differential Gerstenhaber algebra structure. The 
triple {A,/S.,d) is called a weak differential Batalin-Vilkovisky algebra provided the 
graded commutator [d, A] = d/S. + /S.d on A (which is a degree zero operator) is zero. 
In particular, a weak differential Batalin-Vilkovisky algebra (^, A,(i) which has A 
exact is called a differential Batalin-Vilkovisky algebra. 

Proposition 3.7. For any weak differential Batalin-Vilkovisky algebra {A,/S.,d), the 
differential d behaves as a derivation for the Gerstenhaber bracket [■,■] on A generated 
by A, that is to say, 

d[x,y\ = [dx,y] - {-l)^''^[x,dy], x,y E A. 

In other words, {A,[-,-],d) is a differential Gerstenhaber algebra. 

Proof. This is well known; the reader is invited to concoct a proof himself. D 
Notice that, under the circumstances of (3.7), A need not behave as a derivation 

for the Gerstenhaber bracket unless A is exact. 

Barannikov-Kontsevich [1] and Manin [38] (III. 10. 1.1), [39] (6.1.1), are concerned 

not just with a Batalin-Vilkovisky algebra A for which H(0) is abelian, but moreover 

with one which satisfies the formalization of the ordinary formality Lemma for Kahler 

manifolds. This leads to a situation of exactly the kind isolated in Theorem 2.9. 

We now explain this in our framework. 

We will say that a differential Batalin-Vilkovisky algebra {A,A,d) satisfies the 

statement of the Kdhlerian formality lemma provided the maps 

(ker(A),d|ker(A)) ^ {Ad), (ker(A),rf|ker(A)) ^^ H(^, A) 

are isomorphisms on homology where H(^, A) is endowed with the zero differential. 
What we mean by the Kahlerian formality lemma is more usually referred to as 
the "59-Lemma", cf. [10], but the notation d conflicts with our use thereof for a 
perturbation to which we will stick. 

Theorem 3.8. Let {A,/S.,d) be a differential Batalin-Vilkovisky algebra satisfying 
the statement of the Kdhlerian formality lemma, let g be the differential graded Lie 
algebra related with the underlying differential Gerstenhaber{A,[-,-],d) as in (3.2) 
above, and extend the projection proj to a contraction 

(3.8.1) (H(0) ^ m,/i) 
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of chain complexes, where m = (ker(A), (i|ker(A)) o.nd tt = proj. Then, as a graded 

Lie algebra, H(0) is abelian, and the data determine a solution r G Hom(5*^[sH(0)],g) 

of the master equation dr = ^[T,r] in such a way that the following hold: 

(i) The values of t lie in m, that is, the composite A o r:iS*^[sH(0)] ^ g is zero; 

(ii) the composite vrr coincides with the universal twisting cochain 5*^[sH(g)] -^ H(0) 

for the abelian graded Lie algebra H(0); whence 

(iii) for k >2, the values of the component Tk on 5^[sH(0)] of r lie in imA. 

Proof. This in an immediate consequence of Theorem 2.9 except statement (iii) 
which, in view of (i) and (ii), follows from the exactness of the sequence 

-^ imA -^ kerA -^ Hg -^ 

and the fact that, for k > 2, the component on i5^[sH(g)] of the universal twisting 
cochain for H(g) is zero, cf. (1.5.5). D 

Under the circumstances of (3.8) suppose that, in degree 0, A consists of a single 
copy of the ground ring R necessarily generated by the unit 1 of ^ and that A(l) 
is zero. Then 1 generates a central copy of R in g, and we may write g as a direct 
sum i? © g of differential graded Lie algebras where g is the uniquely determined 
complement of i? in g and g is itself a differential graded Lie algebra. 

Addendum 3.8.2. Under these circumstances, if the class [1] in homology is non- 
zero, the requisite contraction (3.8.1) may be chosen in such a way that, for k > 2, 
the values of the Tk lie in g. 

Proof. The differential graded Lie algebra m decomposes accordingly as a direct sum 
i? © m of differential graded Lie algebras and so does the homology of g, i. e. it 
decomposes as H(g) = i?©H(g). The projection proj from kerA to H(^, A) may 



thus be extended to a contraction of chain complexes (R © H(g) v i? © m, /i) in 

such a way that the morphisms V, Trand h decompose accordingly; in particular, we 

^ ( "^ -~^ ~' ^ ^ ^ 

have a contraction (H(g) ~ ^ m,h). Let r:5'^[sH(g)] — * g be the twisting cochain 

resulting from applying Theorem 2.9 to this contraction and define 

r: S'[sR{q)] = S^[sR(g)] © S'[sR] -^ R® H(g) = g 

by r = e©r + ro©e where tq refers to the universal twisting cochain to:S'^[sR] — * R 
for the abelian Lie algebra R and e to the corresponding counits. The twisting 
cochain r has the desired properties. D 

Apart from the context. Theorem 3.8 and the Addendum 3.8.2 contain Lemma 6.1 
in [1]. More precisely, condition (6.1 (1)) in [1], referred to there as the universality 
condition, translates to the fact that a contraction is a very precise way of spelling 
out a homology isomorphism. Furthermore, the condition (6.1 (2)) in [1], referred 
to by the wording fiat coordinates, is implied by (i) and (iii) in Theorem 3.8. The 
statement of the Addendum amounts to Barannikov and Kontsevich's "flat identity" 
property. A statement of the kind (ii) in Theorem 3.8 is referred to by the wording 
normalized in Theorem III.9.2 of [38] and Theorem 4.2 of [39]. We note that 
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a contraction may in fact carry additional information which could be physically 
relevant, e. g. in terms of higher order correlation functions. 

4. Deformation theory 

Barannikov and Kontsevich set up their construction in the context of deformation 
theory. In particular, they show that one very specific differential graded Lie algebra 
which arises from a Calabi-Yau manifold is formal and that its formal moduli space 
which, in a sense, is the formal space of equivalence classes of solutions of the 
relevant master equation, is affine with a very simple (coordinate) description. Our 
method applies much more generally. Given a differential graded Lie algebra q over 
the reals or over any field k of characteristic zero, the construction of the solution r 
given above as (2.8.2) can be carried out once the requisite contraction of the kind 
(2.2) has been chosen (over a field of characteristic zero, such a choice is always 
possible, as we remarked earlier) and still yields a formal solution of the master 
equation, but with a perturbed differential on iS*^[sHg], starting with the operator 
induced by the Lie bracket of Hg. The moduli space interpretation is then available 
along the lines of that of Schlessinger-Stasheff [45] used for the moduli space of 
rational homotopy types, once a cohomology algebra is fixed in advance. One major 
difference is that the resulting "versal moduli" space need no longer be affine. We 
now explain this briefiy. 

Let L be a differential graded Lie algebra over a field k of characteristic zero 
which, viewed as graded by cohomology degrees, is concentrated in nonnegative 
degrees. Thus we have homogeneous components L^,L^, . . ., and the differential d is 
an operator of the form d: U — > U^^. The construction in Theorem 2.7 then yields 
a coalgebra perturbation T> on i5*^[S'~^H(L)] turning the latter into a differential 
graded coalgebra, together with a Lie algebra twisting cochain 

t:S^[S-^}1{L)] -^L. 

Under the circumstances explained in Theorem 3.8, T) is zero, and this refiects 
the formality of the corresponding differential graded Lie algebra. Pursuing the 
philosophy in [45] we now offer an interpretation for a non-zero T). 

Recall that a possible deformation theory interpretation proceeds as follows: Let 
Vl C L^ be the space of "integrable elements", or "perturbations", or solutions 
7 G Z/^ of the master equation d'^ = ^[7,7]- Under suitable circumstances, Vl is a 
quadratic variety (in the appropriate sense). When k is the field of real numbers 
M or that of complex numbers C, we may consider the Lie group C = exp(L*^) 
which corresponds to L^ and, when we assume that the induced £-action on Vl 
is complete, we may consider the corresponding moduli space Ml, the space of 
£-orbits in Vl- Taking an appropriate algebra A{L^) of functions on the affine space 
L^ as coordinate ring, for example polynomial functions with respect to a basis, 
or formal power series, on Vl we have the algebra A{Vl) = A{L^)fj of functions 
where J is the ideal of functions in A{L^) which vanish on Vl; likewise, the algebra 
A{Ml) = {A{L^))^ f J'-' of /^-invariant functions in A{L}) modulo the ideal J'-' of 
/^-invariant functions which vanish on Vl appears as an algebra A{Ml) of functions 
on the moduli space Ml, and we may view the algebra A{Ml) as a coordinate ring 
for Ml- It is not a coordinate ring in the ordinary sense of algebraic geometry, 
though. 
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Since S?-,[S~^{L)] is bigraded, so is }ioni(S?-,[S~^{L)],C), and its (co)homology 
inherits a bigrading. Consider the bidegree (0,0) cohomology 

R''\Rom{Sl.^[S-\L)]X)), 

that is, the subalgebra of the degree zero cohomology H°(Hom(iSP i[5'~^(L)],C)) 
which is generated by cocycles of bidegree (0,0). The essential observation is now 
that, in the formal sense, i. e. when we are working with formal power series, this 
algebra is closely related to the algebra A{Ml) introduced before. (We leave open 
here the precise relationship between A{Ml) and H°'°(Hom(5r: i[5'~^(L)], C)).) 

Over a general field k (of characteristic zero), we now change gears and view 
the bidegree zero cohomology algebra H°'°(Hom(5f^ i[5'~^(L)], k)) of the (differential 
graded) k-valued Chevalley-Eilenberg algebra of L as the coordinate ring A(Ml) of 
the moduli space Ml, thereby defining this moduli space by its coordinate ring. 
Theorem 7.1 of [45] then entails the following interpretation: By construction, the 
morphism 

{S^V)9:S!^[S-\ll{L))]-.Sl.^[S-\L)] 

is compatible with the bigradings and a quasi isomorphism whence (iS*^V)a induces 
a cohomology isomorphism 

(cS<=V)9:H*'*(Hom(5[:^.j[5-i(L)],k))-.H*'*(Hom(5|,[5-i(H(L))],k)). 

Thus our coordinate ring A{Ml) for Ml now appears as the algebra 
H^''^(Hom(iS|5[5'~^(H(L))], k)). When we reinterpret this in terms of H(L), we 
find that, at least formally. Ml may be written as the quotient Ml — Wl/F of 
what is called the miniversal "variety" Wl ^ H^(L) by an equivalence relation F. 
Here Wl is defined by formal power series which are determined by the perturbation 
V and, likewise, the equivalence relation F is determined by V. 

In particular, when L is formal, that is, when r and V can be constructed in 
such a way that V is merely given by the induced Lie bracket on H(L), then Wl 
is the pure quadratic "variety" which consists of all r] G H^(L) having the property 
that [t],7]] = G H^(L). Under such circumstances if, in addition, k is the field of 
real numbers, the (infinitesimal) H°(L)-action on Wl then determines a foliation, 
and the moduli space Ml is the space of leaves; under appropriate circumstances. 
Ml may in fact be written as the space of exp(H'^(L))-orbits with respect to an 
induced action of the Lie group exp(H°(L)) on Wl- 

Under the circumstances of Barannikov and Kontsevich [1], the induced bracket 
on H*(L) is actually trivial whence the "thickened" moduli space (which initially is 
a subspace of H*(L)) is affine, in fact it is all of H*(L); or for the Kodaira-Spencer 
algebra the moduli space would be just H^(L). 

Schlessinger-Stasheff [45] consider deformations of rational homotopy types which 
can be described also as deformations of connected graded commutative algebras 
with "symmetric" ^oo-structures. Rather than reviewing that theory, here is a 
particular application which also provides a good example of how our result is more 
general than that of Barannikov and Kontsevich. 

Consider the case of the cohomology of a wedge of spheres X = VS'"^. Its 
cohomology algebra H* with any field coefficients k is (in upper degrees) a non- 
negatively graded vector space with H° = k and all products of positive degree 
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elements being zero. The rational homotopy groups tt^,{QX) ® Q of the based 
loop space QX of X are then isomorphic to £(sH*(X)) [20], the free graded Lie 
algebra generated by the reduced homology ii^{X) of X, shifted by 1 in grading. 
The deformation theory of rational homotopy types refers to the classification of 
rational homotopy types with the same cohomology algebra; the different types can, 
in this example, be distinguished by Massey products: higher order operations in 
cohomology. Attaching a cell by an ordinary Whitehead product [S^ , S'^] means the 
cell carries the product cohomology class. We rule out this change in the algebra. 
Massey and Uehara [47,40] introduced Massey products in order to detect cells 
attached by iterated Whitehead products such as [5"^, [5''^, 5''^]]. 

Now consider the differential graded Lie algebra Coder (C^^SH (X))) where 
C'^{S~^}i {X)) denotes the free Lie coalgebra on the shifted cohomology H {X). 
Since all products of positive degree elements are zero, we start with d = on 
C'^{S}i {X)). A perturbation 6 (of the zero differential) decomposes into pieces 6k 
which can be identified with homomorphisms 

Consider the case in which 6 = 9k is homogeneous and has non-zero image in 
only one H"^. The corresponding space Y is obtained from X by attaching the 
corresponding n-cells not as spheres in the bouquet but non-trivially according to 
the iterated Whitehead product determined by the pre-images under 6. In this 
space, all Massey products of order less than k + 2 will vanish but 6 will represent 
a (sum of) non-trivial Massey product (s). 

The differential graded Lie algebra 7i^{QY) ^Q is no longer sh-equivalent to the 
homology of C{s}i^{X)) with trivial differential but rather to the homology with 
respect to the corresponding perturbation. In other words, this differential graded 
Lie algebra is not formal. 

An example with "continuous moduli", i. e., of a one-parameter family of homotopy 
types, was first mentioned to us by J. Morgan: Let X = S^ y S^ y S'^^, so that the 
space of possible 5-fold Massey products H®^ — ^ H is of dimension 6 — equivalently, 
the attaching maps are in 7rii(S''^ V S^) Cg> Q which is of dimension 6. A quick 
check of the relevant dimensions shows that there are no possible infinitesimal 
automorphisms, and Aut(H) = GL(2) x GL(1) is of dimension 5; thus the Massey 
products distinguish at least a 1-parameter family. 
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